In this paper, we classify 8-dimensional manifolds M admitting an SU (3) action of cohomogeneity one such that (i) M is simply connected and the orbit space M/G is isomorphic to [0, 1] , and (ii) M/G ∼ = S 1 and the principal orbits are simply connected. We discuss applications to the study of the group manifold SU (3) and to 8-dimensional quaternion-Kähler spaces.
Introduction
Let M be a differentiable manifold, and G a compact semisimple group acting smoothly on M . Then M is said to be a cohomogeneity-one G-space if the principal orbits are codimension-one submanifolds. A result due to Mostert [31] asserts that the quotient space M/G is isomorphic to [0, 1] or to S 1 if M is compact, to [0, 1) or R if M is non-compact. In the case of the interval [0, 1], there are precisely two singular orbits corresponding to the endpoints.
Manifolds with a cohomogeneity-one group action have been increasingly studied in recent years. This is mainly due to the fact that many problems concerning the existence of G-invariant structures on them can be reduced to ODE's, which are sometimes straightforward to handle. As typical examples, we cite [9] , [13] , [17] , in which such techniques were used to construct Einstein metrics and examples of metrics with exceptional holonomy.
More recently, cohomogeneity-one quaternion-Kähler and hyperkähler manifolds were classified in [15] , [16] . General criteria for the classification of cohomogeneity-one manifolds were also developed in [1] , [2] , and used to partially classify such manifolds with χ(M ) > 0 (and a corresponding family of quaternion-Kähler manifolds) in [4] . Cohomogeity-one SU (3) manifolds of dimension 7 are the subject of [32] .
In this paper, we shall focus on 8-dimensional simply-connected smooth manifolds admitting an action of SU (3) of cohomogeneity one. The interest carry out the classification distinguishing two possible situations: the case in which both singular stabilizers are connected (Theorem 3.1), and that in which at least one is not connected (Proposition 3.5). Moreover, we discuss the case in which M/G ∼ = S 1 and the principal orbits are simply connected (Theorem 3.2) .
In Section 4, we shall identify some of the manifolds obtained during the classification, and discuss more extensively the consimilarity action of SU (3) on itself. Afterwards, in Section 5, we apply ideas behind the classification results to discuss the QK moment mappings induced on HP 2 and Gr 2 (C 4 ) under the action of SU (3), and relate these 8-dimensional manifolds with examples of 7-dimensional SU (3)-manifolds via circle actions.
Preliminary results
In general, for arbitrary G-manifolds M with orbit space isomorphic to [0, 1] there are two singular orbits M 1 , M 2 and a normal (or slice) representation for each of them; let V denote such representation at a point x of a singular orbit M i ; then the bundle obtained as the twisted product
is G-equivariantly isomorphic to a tube around M i . If we consider the corresponding disk bundle D i , we can describe M as
where
is a G-equivariant diffeomorphism identifying the points of the two boundaries. The latter are precisely the principal orbits: ∂D i ∼ = G/H, where H is the principal stabilizer. In [37] , Uchida used this approach in order to classify cohomology complex projective spaces with a cohomogeneity-one action. We cite his useful sufficient conditions to decide if the manifolds obtained using different maps φ are isomorphic as G-spaces (see [37, Lemma 5.3 .1]): let φ, ψ : ∂D 1 → ∂D 2 be Gequivariant maps as in (2) ; then M φ and M ψ are G-equivariantly diffeomorphic if one of the following conditions are satisfied:
1. φ and ψ are G-diffeotopic, or 2. ψ • φ −1 can be extended to a G-equivariant diffeomorphism of D 1 on itself, or 3. φ • ψ −1 can be extended to a G-equivariant diffeomorphism of D 2 on itself.
Our problem can therefore be reduced to classifying automorphisms of the generic orbit SU (3)/U (1) up to these conditions. One can obtain G-equivariant automorphisms of homogeneous spaces G/H as follows: let a ∈ N (H); then the map φ a given by φ a (gH) = ga −1 H
is well defined and commutes with the left multiplication for elements g ∈ G.
It can be shown that all G-equivariant automorphisms of G/H have this form (see [11, Chap I, Th. 4 .2]); we have therefore the identification
Let us discuss in some detail the case that two SU (3)-spaces obtained by distinct gluing maps are isomorphic (as SU (3)-spaces). In general if M φ and M ψ are two such manifolds, then an equivariant morphism Φ : M φ → M ψ would restrict on the two tubular neighborhoods to a couple of equivariant morphisms φ a and φ b , as described in (3), which make the following diagram commutative:
In general we cannot expect to have the same map φ a in the first two columns of the diagram (similarly for φ b ); instead, for instance, we will have φ a and φ a ′ repectively at G/K 1 and at G/H. Nevertheless, the map Φ is always diffeotopic (through SU (3)-invariant maps) to a map Φ ′ for wihich a and b are constant in the respective tubular neighborhoods. The homotopy between Φ and Φ ′ can be described as follows: the map Φ is identified on each tubular neighborhood by a continuous function ǫ : [0,
and φ η(t,s) is the required homotopy. We also observe that, for instance, a ∈ N (H) ∩ N (K 1 ) in general, because the map ǫ is continuous and N (H) is a closed subgroup.
In the sequel, we shall use the following notation to identify the most commonly used homogeneous spaces:
, the 5-sphere,
, the complex projective plane CP 2 ,
, the set of special Lagrangian subspaces in C 3 ,
, any Aloff-Wallach type space,
We shall actually use A to stand for any homogeneous space of the form SU (3)/U (1), even though the terminology "Aloff-Wallach" usually excludes one case (we shall be more precise in the next section). The Lagrangian interpretation of L can be found in [23] , and is important for making more explicit some of our constructions, such as finding geodesics from one singular orbit to another.
Connected principal stabilizers
Principal stabilizers H in our case are 1-dimensional subgroups of SU (3), such that H 0 = U (1). The case in which H 0 = H will be particularly significant, so we will dedicate the first part of this section to it. We begin by defining circle subgroups of SU (3). Let k, l be integers, and let U k,l denote the subgroup (isomorphic to U (1)) of SU (3) consisting of matrices   e kıt 0 0 0 e lıt 0 0 0 e −(k+l)ıt   .
We shall denote the coset space SU (3)/U k,l by A k,l . Since U k,l is unchanged when any common factor of k, l is removed, we may assume that they are coprime. The space A k,l is called an Aloff-Wallach space provided kl(k+l) = 0, since the pairs equivalent to (1, −1) are excluded for geometrical reasons (they do not satisfy the conditions that guarantee the existence of homogeneous positively-curved metrics, see [5] ). In our analysis, the subgroups U 1,−1 will however play important roles. Denote the 1-dimensional subalgebra of su(3) corresponding to U k,l by u k,l . We consider the pair of orthogonal subalgebras u 1,−1 , u 1,1 generated by the respective elements
that together span a Cartan subalgebra t. It can be shown that u is a regular element, so it belongs to a unique Cartan subalgebra t ⊂ su(3), namely that consisting of diagonal elements; if α, β, α + β denote the roots in t C , we have that u corresponds to α, and we can identify span{α} = −ı u 1,−1 span{β} = −ı u 1,0 span{α + β} = −ı u 0,1 .
On the other hand, v is a singular element and is contained in three independent Cartan subalgebras t, t 1 , t 2 ; the 1-dimensional orthogonal complements v ⊥ , v ⊥ 1 , v ⊥ 2 then span the subalgebra su(2) corresponding to the root α. Each root has an orthogonal singular hyperplane, which in our notation correspond to u 1,1 , u −2,1 and u 1,−2 .
The first step to obtain our classification is that of determining the possible gluing maps between two principal orbits. In the case that the principal stabilizer is connected, this corresponds to identify the group N (U (1)): this depends from the way U (1) is immersed in SU (3), up to conjugacy. The subgroups U 1,−1 and U 1,1 represent distinguished cases, in this sense.
Here, τ denotes an element of SU (3) such that Ad τ is an element in the Weyl group W .
Proof. For the first case, let g ∈ N (U 1,−1 ); then we also have g ∈ N (T 2 ), as otherwise
which is impossible as u is a regular element. Hence N (U 1,−1 ) ⊂ N (T 2 ). It is well known that
is the group of permutations on 3 elements; it acts on the Cartan subalgebra t by permuting the three roots α, β and α + β. The only elements fixing the subspace t · α corresponding to u are reflections about the hyperplane u ⊥ , sending u to −u and swapping β and α + β, which can be represented by the the action Ad τ with τ an appropriate element in SU (3). In the second case, an element g ∈ N (U 1,1 ) that preserves u 1,1 must also preserve the centralizer C(U 1,1 ) = S(U (2) × U (1)) ∼ = U (2), so that N (U 1,1 ) ⊂ N (U (2)) = U (2); the reverse inclusion is obvious.
In the final case, we just have to note that roots and their orthogonal complements are the only eigenspaces for the elements of W . Hence the other regular elements in t are normalized only by T 2 ∼ = N (T 2 ) 0 .
As a consequence, we obtain the required isomorphisms for the coset spaces parametrizing SU (3)-equivariant automorphisms of principal orbits. Firstly,
more explicitly, this group is generated by the matrices   e ıt 0 0 0 e ıt 0 0 0 e −2ıt   and
For the second case,
and finally
Remark. We can already estimate the number of SU (3)-equivariant diffeomorphism classes in some cases. For, if the principal stabilizer is conjugate to U 1,−1 then, thanks to Lemma 2.1 and Uchida's condition 1, there are at most two such classes (the number of connected components of N (U 1,−1 )/U 1,−1 ). In the case of singular and all other regular elements there is just one SU (3)-diffeomorphism class.
The next information that we need is knowledge of which tubular neighborhoods can be built around a given singular orbit. To this aim, we have to determine which representations of a singular stabilizer are sphere-transitive, and associate to it the integers k, l characterizing the corresponding principal stabilizer.
U (2) representations
Let us concentrate now on the subgroup S(U (2) × U (1)) ∼ = U (2) of SU (3), classifying its sphere-transitive real 4-dimensional representations.
First we introduce some notation. Let Σ n denote the complex irreducible representation of SU (2) on C 2 of dimension n + 1, and A m the U (1)-representation of weight m with m ∈ Z. 
If {u, v} is a basis for t ⊂ su(2) ⊕ u 1,1 (see (5) ), then the Lie algebra of the stabilizer of a point x ∈ S 3 ⊂ V ∼ = R 4 has the form (3u + mv) ⊥ .
Proof. A consequence of the Peter-Weyl theorem is that a representation of SU (2) × U (1) necessarily has the form
It is straightforward to see that the only possible case in which one can obtain a sphere-transitive 4-dimensional representation is given by Σ 1 ⊗ (A m + A −m ). Now, the sums 1 + m and 1 − m must be even in order to obtain an S(U (2) × U (1)) ∼ = U (2) representation, as SU (2) × U (1) covers U (2) in a two-to-one manner. Hence m must be odd. Let us restrict the representation to the maximal torus T 2 contained in U (2), whose Lie algebra is t = span{u, v}; then we obtain
The necessary real structure is effectively the tensor product  ⊗  of the respective quaternionic structures on Σ 1 and A m + A −m . The latter act as the antilinear extensions of the maps (x, y) = (y, −x) and (e, f ) = (f, −e) for x, y a basis of Σ and e, f a basis of A m + A −m ; the fixed point set is given by
Let us consider now the corresponding Lie algebra representation. We choose the point w 1 ∈ S 3 : then the Lie algebra su(2) ⊕ u 1,1 acts on w 1 spanning the 3-dimensional tangent space of S 3 . More explicitly, if
then we obtain
moreover the generator v ∈ u 1,1 acts by
Returning to the inclusion su(2) ⊕ u 1,1 ⊂ su(3) and identifying v 1 = u, we can restrict to the Cartan subalgebra t; then the subspace spanned by w 1 , w 3 in V is an irreducible t-submodule, and the corresponding weight can be represented via the Killing metric by the vector
its kernel, which kills the vector w 1 , is given by the hyperplane h ⊥ : this is the Lie algebra of the stabilizer U (1), hence the conclusion.
Let us analyse in more detail some examples for small m: for m = 1 we get the hyperplane u 0,1 as the stabilizer's Lie algebra; for m = 3 we obtain a singular stabilizer u 2,−1 . For m ≥ 5 we get other generic regular stabilizers, all belonging to the Weyl chambers delimited by u −2,1 and u 1,−2 ; the limit stabilizing subalgebra for m → ∞ corresponds to u 1,−1 . The same results are obtained for m ≤ 0, as the representation A m and A −m are isomorphic as real reprsentations.
In the sequel, let us use P(m) to denote the bundle on P = CP 2 obtained as the twisted product by the representation V = [Σ 2 ⊗ (A m + A −m )]. Clearly P(m) ∼ = P(−m), so we can restrict to m ∈ N.
T 2 representations
Let us discuss now the case of T 2 as a singular stabilizer: we need to determine its sphere transitive 2-dimensional representations in order to classify the possible tubular neighborhoods around a singular orbit of type F. Let us choose for the standard Cartan subalgebra t the basis formed by
Comparing this basis with that in (5), we note that the relation v = u+2u ′ holds, and that u, u ′ correspond to the two roots α, β; the parallelogram P determined by 2πu and 2πu ′ is a fundamental domain for the maximal torus T 2 , which can therefore be described as
The 2-dimensional spere-transitive real T 2 -represenations V are given by
Each of them is determined by a weight z contained in t such that
A basis for the integer lattice of such weights is given by
so that a generic weight has the form z = p z 1 + q z 2 for p, q ∈ Z, and the stabilizer for the corresponding representation is given by z ⊥ .
Observation. The weights described in Proposition 2.2 are of this type: in fact
for the choice p = (m − 1)/2 and q = 1 (recall that l is odd): this is just the result of the reduction from U (2) its maximal torus T 2 . In fact the representation ring R[U (2)] is isomorphic to the polynomial ring
(see [12] ). The image of this inclusion coincides with the subring
of T 2 representations which are invariant under the Weyl group W (U (2)); the latter is isomorphic to Z 2 ⊂ W (SU (3)), corresponding to a reflection around one of the singular hyperplanes.
In this case, generic stabilizers might not be connected:
Proof. We can describe the representation by (x, y) → e 2πı(px+qy) , where (x, y) are coordinates with respect to (7), after a suitable normalization, to be considered modulo Z 2 . The stabilizer is the solution of the equation
so we have a 1-dimensional solution for each h. On the other hand we can choose any h 1 and h 2 in Z so that (x + h 1 , y + h 2 ) is the same solution as (x, y) on T 2 , but for a different h. Therefore equation (8) becomes
Let us suppose that h = gcd(p, q) > 0: then equation (9) is equivalent to px + qy = 0, as the gcd is precisely the smallest positive integer which can be obtained in the form ph 1 + qh 2 . Hence the solution (x, y) for h is also the solution for 0; moreover this implies that if 0 < h ′ < h, then the solution (x, y) for h ′ is not a solution for 0. This shows that the solutions are repeated modulo h, so that there are precisely h distinct ones, each one isomorphic to a circle U (1): altogether they form an abelian subgroup, isomorphic to
We introduce some more notation at this point: we shall denote by F(p, q) a tubular neighborhood of a flag manifold obtained by a slice representation A p ⊗ A q as explained above. We observe that Regarding the singular stabilizers SO(3) and SU (2), we have a unique sphere-transitive 3-dimensional representation, namely the standard irreducible space R 3 ∼ = [Σ 2 ]. The complete list of possible slice representations for each connected singular stabilizer is given in Table 1 .
The classification
We are now in a position to present the main results of the paper, classifying the possible ways of gluing together tubular neighborhoods obtained from the singular orbits discussed in Section 1 and from the normal representations described in Section 2.
Connected singular stabilizers
We focus first on the case that both the singular stabilizers K 1 , K 2 are connected. Connected subgroups of SU (3) are in one-to-one correspondence with Lie subalgebras of su (3) . Note that the two Lie subalgebras so(3) and su(2)⊕R are maximal subalgebras. It is also well known that so(3) and su(2) are the only 3-dimensional subalgebras of su(3), up to conjugation.
Passing to subalgebras of so(3) and su(2) ⊕ R, observe that su(2) ∼ = so(3) does not contain any subalgebra of dimension greater than 1; therefore we obtain only other two subalgebras, both contained in su(2) ⊕ R: namely su(2) and the Cartan subalgebra t.
Let us also list here the normalizers of each corresponding connected subgroup. Let Z 3 denote the center of SU (3), and (again) W ∼ = S 3 its Weyl group. Then
Remark. We shall not treat immediately the case of a singular stabilizer T 2 with slice representation A p ⊗ A q and gcd(p, q) = 1. In fact this can imply that the second singular stabilizer is not connected even if T 2 is (because the principal stabilizer turns out to be not connected, see Lemma 2.3), and this situation fits better in Subsection 3.2 (see Proposition 3.5).
We can now state the main result of this section:
Theorem 3.1. Tables 2 and 3 -both stabilizers belong to the set {SU (2), U (2), SO(3)},
-one singular stabilizer is isomorphic to T 2 and the normal representation is A p ⊗ A q with gcd(p, q) = 1. Table 2 : Numbers of SU(3)-diffeomorphism classes of 8-manifolds: singular stabilizers SU(2), U(2) and SO(3) (m, l odd) Proof. Let us consider these connected singular stabilizers: correspondingly we have a slice representation V of dimension 3, 4, 3, 2 (see Table 1 ); the representations involved must again be of cohomogeneity one, or in other words the singular stabilizer K i must act transitively on the unit sphere S n−1 ⊂ V . Let us analyse the possibilities case by case.
The cases of SU (2) and SO(3) are rather simple, as the only 3-dimensional representation of cohomogeneity one is the standard 3-dimensional irreducible representation R 3 ∼ = [Σ 2 ], as already observed at the end of Section 2; in this case the principal stabilizer turns out to be one corresponding to U 1,−1 . Therefore, thanks to Lemma 2.1, the normalizer is T 2 ∪ τ T 2 in both cases; on the other hand, it can be shown that for both the singular orbits S and L, the component τ T 2 of the normalizer N (U (1)) intesects SU (2) ⊂ N (SU (2)) and SO(3) ⊂ N (SO(3)) respectively (for instance in a point x obtained by putting t = π/2 in an appropriate conjugate of the second element in (6)). Hence any SU (3) equivariant automorphism of the principal orbit is diffeotopic to one which can be extended to an automorphism of the whole tubular neighborhood (see Uchida's criteria in Section 2), so that we have a unique SU (3) (4) . In fact all the vertical maps must be of the form φ e in order to be defined on the whole tubular neighborhoods, and this implies that the central part of the diagram can not be commutative if we put, for instance, ψ = φ τ . In general we can combine two tubular neigborhoods if and only if the principal stanilizers are conjugate; therefore P(n) and P(m) can be glued together if and only if n = m, and the gluing map is unique for m = 1, and there are two distinct for m = 1.
Let us pass now to tubular neighborhoods of type F(p, q) assuming that gcd(p, q) = 1: there is precisely one gluing map for (p, q) = (0, 1), (p, q) = (1, 0) or (p, q) = (1, −1), as in fact in this case the normalizers N (U (1)) are all connected. By contrast, for the remaining representations the principal stabilizer is of type U 1,−1 , hence we have at first sight two possible gluing maps. These can be used to join this tubular neighorhood to others with the same type of stabilizer; nevertheless τ T 2 ⊂ N (T 2 ), so as usual φ τ can be extended to the whole tubular neighborhood, and it is equivalent to the identity gluing map.
The list of all possible combinations is given in the Tables.
We end this section by examining the case in which M/SU (3) is S 1 and the principal orbits are simply connected. Let us point out that the homogeneous manifold A k,l is simply connected, as shown by the long exact homotopy sequence for a fibration:
In this case there are no singular orbits and the manifold M is a bundle
where H = U k,l is the principal (and unique) stabilizer; the structure group for this bundle is contained in N (H)/H (see [11, Th. 8 
which is possible for any k, l, or A k,l = A 1,−1 and M is a nontrivial bundle over S 1 .
Proof. We can divide the proof in three cases, corresponding to the stabilizers described in Lemma 2.1. First we note that the bundle structure is given by the N (H)/H-valued transition functions g 1 and g 2 defined on the two points p 1 and p 2 , which constitute the "equator" of the base manifold S 1 . In the first case, N (U 1,−1 )/U 1,−1 has 2 connected components, therefore there are two possible nonequivalent choices for the maps g i , giving rise to the trivial bundle and another nontrivial, respectively.
In the remaining two cases, N (U k,l )/U k,l is connected: we have a unique (trivial) bundle for U 1,1 , and there are infinite nonconjugate generic U k,l 's, giving rise to nonisomorphic generic fibres A k,l .
The SU (3)-manifolds obtained in this way are all trivial bundles, except for the first case.
Non-connected singular stabilizers
We now conclude the classification, describing the more general situation in which the singular stabilizers are not connected. This implies that the singular orbits are not simply connected, and their respective universal covers are those described in Theorem 3.1. Some of our arguments are inspired by those used in [4] .
Proposition 3.3. If the connected components K 0
i of the two singular stabilizers belong to the set {SO(3), SU (2), U (2)}, then both are connected:
Proof. Suppose that K 0 1 is one of the three subgroups in the list: then the codimension of the singular orbit is at least 3; a general position argument shows that M \(SU (3)/K 1 ) is simply connected, as is M . This complement has the same homotopy type of SU (3)/K 2 , so π 1 (SU (3)/K 2 ) = 0 too: this implies that the stabilizer K 2 is connected. By the long exact homotopy sequence for a fibration
the principal stabilizer H must also be connected, for r > 1, which is the case for all the representations involved with the three stabilizers under consideration. This implies that also K 1 is connected, hence the result.
This means that we cannot obtain new simply-connected manifolds by gluing together tubular neighborhoods unless they involve T 2 as K 0 i for at least one i. We discuss now this remaining case; the new manifolds we obtain in this way are given in Table 4 . We point out that the principal stabilizers turn out to be non-connected in these cases. Before that, we prove a result which corresponds to Lemma 2.1 for non-connected H:
Proof. The proof in the regular case is completely analogous to that of Lemma 2.1; for the singular case we just have to observe that if h = 1 the group contains regular elements, and the whole T 2 must be preserved by the normalizer of U 1,1 × Z h . The element τ ∈ W that normalizes U 1,−1 , reflecting the root α, is the only one which also preserves U 1,1 × Z h , hence the conclusion.
Observation. In this situation, we have two connected components for the normalizers of U 1,−1 × Z h and of U 1,−1 × Z h ; if these stabilizers appear in a tubular neighborhood of type F(p, q), we observe that in both cases we obtain only one SU (3) diffeomorphism class, because both normalizers are contained in N (T 2 ) (for Uchida's criteria, see Theorem 3.1).
We pass now to the main result of this section, but before of that we recall that any subgroup K ⊂ G is alaways contained in N (K 0 ), because for any x ∈ K the adjoint action Ad x is continuous, preserves K and fixes e. 
except in the case h = 3, where also Proof. The first statement follows from the same general position argument as in Proposition 3.3. As proved in Lemma 2.3, the principal stabilizer is of the form U k,l × Z h , so we need to determine which of the singular stabilizers contain this subgroup.
In the first case we have h = 1 and U k,l = U 1,−1 , which appears as a principal stabilizer associated to any of the connected stabilizers above, with the appropriate slice representation V , as already shown in Theorem 3.1. In this case K 1 is connected, because the sphere S r ⊂ V is.
For the second case we argue as follows: K 1 must contain a subgroup of type U 1,−1 × Z h , but we have to exclude U (2), because it allows only connected principal stbilizers (h = 1). Another possible choice is the subgroup
where Z 2 is the center of SU (2); topologically it is the union of h copies of SU (2), and Z 2h should be regarded as a subgroup of the singular U (1) centralizing SU (2) (for instance U 1,1 for the standard immersion). We observe that the singular orbit in this case is isomorphic to S/Z h . Suppose instead that K 0 1 = SO(3): then K 1 must be a subgroup of the normalizer N (SO(3)) = SO(3) × Z 3 , which are SO(3) itself or the whole N (SO (3)). The latter case in this situation corresponds for instance to the weight (p, q) = (0, 3) for T 2 . As observed after Lemma 3.4, in both cases the two gluing maps φ e , ψ τ give rise to isomorphic SU (3)-spaces.
For the third case, the connected component K 0 1 must contain T 2 , because only then the corresponding Lie algebra does contain the correct u(1).
Finally, in the fourth case we have to exclude U (2) because, as observed in case 2, it allows only connected principal stabilizers.
Observation. Two of the manifolds that are new with respect to the classification given in Theorem 3.1 come from case 2. We note that in these cases the singular stabilizer (SU (2) × Z 2h )/Z 2 admits as a slice representation V only the standard R 3 ∼ = [Σ 2 ⊗ A 0 ]: in fact any Z h representation can be extended to a U (1) representation A m with 0 ≤ m ≤ h − 1, hence V is the restriction of a U (2) representation; therefore
as seen in Proposition 2.2; for dimensional reasons Σ 2 ⊗ A 0 is the only possible choice. Analogous considerations hold for SO(3) × Z 3 .
Let us consider the case in which
. Here, the two stabilizers must have the same number of connected components, otherwise the two tubular neighborhoods could not be glued together, as the principal orbits would not be isomorphic. In this case K 1 = K 2 and π 1 (SU (3)/K i ) = 0 for i = 1, 2; moreover in the long exact sequence
the bundle projections induce surjections on the respective fundamental groups. The Seifert-van Kampen Theorem tells us that this is incompatible with the simply connectedness of the manifold M , so we have to exclude this case.
Examples
In order to present some familar examples, the notation M (M 1 , M 2 ) indicates an 8-dimensional SU (3)-manifold obtained by gluing appropriate disk bundles over singular orbits M 1 , M 2 with a map φ which may or may not be the identity. Then we have the following remarkable identifications:
• the complex Grassmannian Gr 2 (C 4 ) is M (P, P);
• the quaternionic projective plane HP 2 is M (P, S)
• the exceptional Wolf space
We describe these SU (3) spaces in a bit more detail. Recall that L = SU (3)/SO(3). The first three examples are obtained by standard inclusions of SU (3) in SU (4), Sp(3) and G 2 , and in these cases, the normal bundle over each CP 2 = P is P(1).
The fourth (product) case is given by the diagonal action of SU ( The final case is given by a modification of the Adjoint action of SU (3) on itself, discussed in more detail in Subsection 4.1.
The case in which the two tubular neighborhoods are isomorphic and the gluing map is the identity is particularly simple. We can identify the singular orbits M 1 = M 2 = M and call the unique normal representation V ; the resulting manifold D(M ) = M (M 1 , M 2 ) is then the "double" of the disk bundle associated to V . This manifold is obtained by the one-point compactification R n ; S n of the V fibres over M :
The other singular orbit becomes the section at infinity of this new bundle. Proof. This is just a consequence of [33, Lemma 3.2], which asserts that any even dimensional cohomogeneity-one G-manifold M with an invariant metric of positive sectional curvature has χ(M ) > 0, and of the observation
Consimilarity
We are going now to consider a group action c of GL(n, C) on itself, called consimilarity, defined by c(A)B :
This action naturally occurs when considering anti -linear mappings between a given vector space, of relevance in quantum theory. It also occurs in various geometrical situations (see, for example, [18] ), and is intimately related to similarity. The mapping Γ : A → AA
induces a mapping between consimilarity classes and similarity classes (i.e. orbits under (14) and orbits under conjugation). Although this mapping is not in general a bijection between the respective classes, it is true that Γ −1 (I) coincides with the consimilarity orbit
of the identity. This fact is not entirely obvious, but has an easy proof [26] . Consimilarity can be restricted to SU (n) ⊂ GL(n, C), so that SU (n) acts on itself, as in this case
It is straightforward to prove that the consimilarity action of SU (n) on itself is isometric with respect to the Killing metric. The resulting action is in fact a special case of a family of actions of a Lie group G on itself, constructed using an automorphism σ of G (see [24] , [14] and [26] ). Let us return to the case n = 3. / / AA t is well defined and surjective. It is also injective as if AA t = CC t then
. This shows that the c-orbit through the identity is L. Consider the point I and its stabilizer SO(3). The isotropy and the slice representations are determined by the decomposition
as SO (3) representations. The slice representation is sphere transitive (see Table 1 ), and this shows that the cohomogeneity of the action is 1. For instance we can choose the normal direction determined by the matrix
The corresponding geodesic B(t) = exp(tw) intersects orthogonally all the corbits (see [24] ): the second singular one is reached at B s = B(π/4). In fact, an explicit calculation shows that the stabilizer at B s is SU (2); therefore the corresponding orbit is indeed S.
Observe that Tr(AA) = Tr(AA) = Tr(AA) ; (17) this implies that the image Γ(SU (3)) is contained in the hypersurface
of SU (3). We shall investigate the resulting mapping Γ : SU (3) → H in the next section.
Quotients by circle subgroups
An analogous classification of SU (3) actions is possible in dimension 7, and partial results can be found in [32] . Restricting attention here to the case in which both singular orbits are P = CP 2 , and both tubular neighborhoods are isomorphic to the rank 3 vector bundle Λ 2 − CP 2 , it is not hard to show the existence of only two classes of cohomogeneity-one SU (3)-spaces with this data. There is a choice of gluing map between the generic orbits F: the identity in one case, and a map φ τ associated to a non-trivial element τ ∈ W in the other. With the latter choice, we obtain the sphere S 7 ⊂ su(3) with the action induced by the Adjoint representation.
We now exhibit a model for the manifold obtained in the former case, denoted here by N 7 , involving the Grassmannian Gr 3 (su(3)) of oriented 3-dimensional subspaces of the Lie algebra su(3), which is an SU (3)-space under the action induced by Ad SU (3) . Proof. Following [36] , we consider the function f : Gr 3 (su(3)) → R induced by the standard 3-form on su(3). Thus
where {x, y, z} is an orthonormal basis of the 3-dimensional subspace U ⊂ su(3). The absolute maxima and minima of f are each attained on a copy of CP 2 corresponding to the highest root embedding su(2) ⊂ su(3) and a choice of orientation for su (2) . The tangent space T U Gr 3 (su(3)) has the form U ⊗U ⊥ ; for U = su(2) it can be decomposed as
The subspace 2Σ 1 = Σ 1 ⊕ Σ 1 represents the tangent space to the critical manifold CP 2 ; if we choose instead the summand Σ 2 , we obtain the bundle Λ 2 − CP 2 , which is therefore a subbundle of the normal bundle at both CP 2 . In the two cases it turns out to be a stable or an unstable subbundle respectively.
The manifold N 7 is obtained from the two Λ 2 − CP 2 over the two extremal CP 2 . To see this, denote byÑ 7 the manifold obtained by considering the union of the flow lines of the vector field grad f with limit points in the two copies of CP 2 and tangent directions corresponding to the respective Σ 2 . Such a flow line (without caring about the parametrization) is given by V (t) = span{u cos t + v sin t, u 2 , u 3 } , with u, v as in (5) and su(2) = span{u, u 2 , u 3 }. It is straightforward to see that the stabilizer for t = kπ under the Ad SU (3) action is T 2 , and for t = π the integral curve intersects the minimal critical submanifold at the same subalgebra su(2) with opposite orientation. In both cases the tangential direction of V (t) belongs to the summand Σ 2 at the critical points: these facts imply that the gluing map for the two tubular neighborhoods must be the identity,
Remark. We point out that N 7 is not homeomorphic to S 7 . As the double D(CP 2 ), it can be regarded as a 3-sphere bundle over CP 2 as in (13) , in contrast to S 7 . Now, π 2 (CP 2 ) = H 2 (CP 2 , Z) = Z, and writing the homotopy exact sequence for a fibration we obtain
This implies π 2 (N 7 ) = π 2 (CP 2 ) = Z, whilst π 2 (S 7 ) = 0. It is shown in [32] that N 7 cannot be equipped with an invariant metric of positive curvature. Indeed, S 7 is the unique 7-dimensional positively curved cohomogeneity-one G-manifold, if the semisimple part of G has dimension greater then 6.
The above example is linked to the 8-dimensional case by a moment map µ associated to the action of SU (3) on the Wolf spaces HP 2 and Gr 2 (C 4 ) (see [19] ). Denoting by M either of these space, it is possible to construct from µ an equivariant map
defined on an open dense subset M 0 ⊂ M . This construction was used in [20] in order to relate the geometry of a quaternion-Kähler manifold with the geometry of the Grassmannian Gr 3 (g), but we cannot use the same techniques here since in the two cases considered, the differential Ψ * is nowhere injective. Moreover the subset M 0 is strictly contained in M : indeed M 0 = HP 2 \ CP 2 and M 0 = Gr 2 (C 4 ) \ CP 2 respectively, and
One may ask if the map Ψ could be extended equivariantly to the whole W in both cases, as this happens in other significant cases (for instance Sp(n)Sp(1) acting on HP n or Sp(n) acting on Gr 2 (C n )). In fact the generic fibre Ψ −1 (x) is a circle S 1 : the resulting S 1 action on HP 2 was described in [8] , and
(see [6] and [7] ). For the same reason we have a topological quotient
However, as observed above, S 7 is different from N 7 , and it is easy to check that Ψ cannot be extended equivariantly to the whole Wolf spaces HP 2 and Gr 2 (C 4 ). The fact that S 7 is a compactification of Λ 2 − CP 2 was used in [30] to unify the construction of various Ricci-flat metrics on complements of homogeneous spaces inside spheres. There are analogous constructions on G 2 /SO(4) and SU (3). The descriptions at the start of Section 4 show that dense open subsets of thse two manifolds can be SU (3)-equivariantly identified. However, the respective singular orbits P and S are not directly related by the Hopf fibration S → P; indeed passing from the P of G 2 /SO(4) to the S of SU (3) requires a "flip" of the type considered in [22] . This is made possible by the existence of three distinct mappings F → P, similarly exploited in the theory of harmonic maps [35] .
To conclude the paper, we identify an analogue for SU (3) of the map Ψ described in (19) . (15) is the hypersurface (18) , and is homeomorphic to the Thom space of the vector bundle
In fact, consider the Lie algebra su(3); it is well known that any element x ∈ su(3) belongs to the standard t = span{u, v} (see (7)), up to conjugation. It is sufficient therefore to solve the equation
Im Tr exp (t u + s v) = 0, equivalent to sin(t + s) + sin(s − t) − sin(2s) = 0 ; this has solutions {s = 0+ kπ}∪ {s = ±t + 2kπ}. These are nothing other than the three lines corresponding to u 1,−1 , u 1,0 , u 0,1 and their translates. However, when we exponentiate, all the solutions are sent to the triplet
which are the intersections of T 2 with three conjugate copies of SU (2); the equality in (20) follows by noting that both sides are Ad-invariant. Consider again any subgroup SU (2) ⊂ SU (3) and let g ∈ SU (3): then
In fact let us consider a point x ∈ SU (2) ∩ Ad g SU (2); if x is regular then it is contained in a unique maximal torus T 2 ; on the other hand x belongs to one of the connected components of (21), say U 1,−1 , which therefore belongs entirely to SU (2) ∩ Ad g SU (2). This implies that g ∈ N (U 1,−1 ), which is contained in N (SU (2)), hence we fall in the first case of (22) . Suppose now that x is singular: there exists only one singular point for each copy of SU (2), namely
for the standard embedding of SU (2); singular elements are preserved by the adjoint action, therefore g is in the stabilizer of x, which is U (2) = N (SU (2)), and we are again in in the first case of (22) . If g ∈ N (SU (2)) then the intersection consists of just e. This discussion proves that we can realize H as the union of copies of SU (2) which share only the identity e inside SU (3). On the other hand, the singular orbit CP 2 parametrizes this union; our conclusion is that H is therefore isomorphic to the total space of a fibre bundle P over CP 2 with fibre SU (2) and with one point for each fibre identified: (24) and H = P/ ∼, with e ∼ e ′ if and only if e and e ′ are the identity of two fibres SU (2) and SU (2) ′ (the identity is well defined as it is fixed by the isotropy subgroup of CP 2 acting on the fibres).
The Thom space of a vector bundle E → M is obtained by a 1-point compactification of the total space E. Our construction shows that H is indeed the Thom space of the bundle Λ 2 − CP 2 : in fact the fibre of this vector bundle is isomorphic to su(2) as a representation of the stabilizer U (2); then, consider the closed disk D √ 2π ⊂ su(2): we can identify
where the spheres S 2 r of radius r < √ 2π are sent Ad SU (2) -equivariantly to 2-spheres, whilst the boundary S 2 √ 2π is collapsed to a point x antipodal to e (see (23) ). We have therefore a corresponding disk subbndle D, and a bundle with fibre SU (2) ∼ = S 3 obtained from the former by collapsing the boundary of each fibre to a point. The Thom space can be therefore obtained by additionally identifying all the antipodal points of the various fibres. This is precisely what happens for the hypersurface H, but this time identifying the identities e instead of the antipodal points. This is not a real difference: in fact the antipodal element x belongs to the center C(SU (2)) = Z 2 , and the automorphism SU (2) → xSU (2) is Ad SU (2) equivariant and swaps e and x, giving rise to isomorphic bundles with fibre SU (2). The hypersurface H can be shown to be smooth everywhere excepted at e.
The image Γ(SU (3)) is contained in H, as seen in (17); the surjectivity of Γ can be established in the following way by equivariance: the normal geodesic B(t) used in Lemma 4.2 intersects all the c orbits; its image is given by Γ(B(t)) = B(2t) which intersects all the Ad SU (3) orbits orthogonally, joining the two singular orbits e and CP 2 . We observe that the singular orbit L ⊂ SU (3) is collapsed to e.
We pass now to the last statement of the theorem: we will use an argument which is a bundle version of that discussed in Section 2 (see (3) (2)), and it is equivariant with respect to the left SU (3) action. Clearly SU (2) ⊂ U (2) is precisely the non-effectivity kernel, so we can just consider this action a U (2)/SU (2) = U (1) effective action. The quotient space D S /U (1) turns out to be a twisted product of the form SU (3) × U (2) V , with V = [Σ 2 ] ⊗ A 0 , which is nothing other than Λ 2 − CP 2 . The projection π U (1) is therefore an equivariant map SU (3) \ L / / H \ {e} (25) as is the map Γ; the restriction to each orbit is an equivariant projection of homogeneous spaces in both cases, and an inspection of the normalizers of SU (2) and U 1,−1 shows that the choice is unique, hence Γ = π U (1) .
Observation. The proof above has identified Γ with the quotient
induced by the U (1) action described in [7] , [30] .
Complete metrics of holonomy Spin (7), invariant under a Spin(5) action, have been discovered on the positive spin bundle over S 4 [13] ; more recently other metrics of this type have been constructed on 4-dimensional vector bundles over CP 2 (see [21] ). These bundles belong to the family we have denoted by P(l) (see Proposition 2.2). In a future article, we hope to use the examples of this paper to construct new special geometries in dimensions 7 and 8, by gluing together tubular neighborhoods that arise in our classification, adapting invariant structures to appropriate conditions at the boundaries.
